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Load Updating for Finite Element Models

Jeffrey M. K. Chock* and Rakesh K. Kapania'
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061-0203

A method for reducing the differences between experimental testing or real-world events and their finite element
counterparts is presented. In this method system identification or finite element model updating are not performed;
instead, the loads on the finite element model that would create equivalent displacements or strains are identified
by various means, thus saving a large amount of computational effort. This method of finding an applied load
is also extremely useful in the analysis of testing data for vehicles and other structures. Using methods based
on classical least-squares methods, we present the basis for finite element load updating and sample application
through the use of a computer program for a beam under static loads. We examine the conditioning number of the
resulting system of equations and provide a least-squares solution that is more robust through the use of singular
value decomposition. This allows an easier analysis of structural models, for example, of a prototype vehicle, by
determining the loads that the prototype is subjected to in testing. These loads can then be used on other models
of that vehicle during the design process to decrease the time spent in testing while increasing design’s reliability

by reducing uncertainties in the applied load.

Introduction

URRENTLY, differences between the physical test of a struc-

ture and finite element analysis (FEA) of its model are gen-
erally reduced by using some form of system identification, where
the load is known and the model is altered after the unknowns of
the system are determined. We seek to reduce those differences ef-
ficiently by modifying not the mathematical model (finite element
model, generally) of a system, but instead the loading to which the
structure is subjected to such that the experimental and the finite
element response match in the least-squares sense.

Prototype vehicles, for instance, are subjected to particularly un-
known loadings. Such vehicles generally have experimental data
and are also analyzed through various theoreticaland computational
means. We seek to present the basis for a method to reduce the dif-
ferences between the observed experimental data and the analytical
results. Generally, such methods use the concept of system iden-
tification, that of treating the system as an inverse problem where
the results are known and the original system is to be determined
accurately. Once a system is determined, or a representative one is
created, the finite element model of that systemis adjusted in model
updating to reduce the differences between the analytical and ex-
perimental results. We believe this can be done in a more efficient
manner using the approach presented here.

System identification is a numerically intensive process. In this
method the entire mathematicalmodel of a structureis often manip-
ulated to extract the system parameters of the mathematical model
and the conditions (boundary, load, etc.) that caused the given set
of experimental results. This determined system model or set of
conditions is then employed or compared to another similar model.
In model updating, the finite element model of a system or struc-
ture is modified to minimize differences between the behavior ob-
served during testing and that determined by an analytical method
such as the FEA. Although effective, this method can sometimes
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alter a model to be valid for a specific load case. This requires the
model updating method to be used again for another set of loads or
conditions !

Load updating is more than a variation on model updating; it al-
lows a great deal of flexibility in an analysis while preserving the
mathematicalmodel of the given system. It provides for an alteration
of an applied load, leaving the mathematical model of the structure
unaltered. This is faster than most forms of system identification
and permits the differences between testing data and analytically
determined data to be reduced in a more efficient manner. Instead
of altering the model itself, as would be done in a model updating
routine, one adjusts the load applied to the model to compensate for
differences in how the load was actually applied. This can also be
done to compensate for any limitations the model might have, for
example, the use of shell vs solid elements in modeling the structure.
It redresses the differences between the analysis and experimental
results by determining which loads best simulate, in the context of
the given analytical model, the loads that are actually applied to
the structure. This results in reduced differences between the ana-
lytically determined and experimental values. Thus, it is a flexible
method of minimizing differences between experimental data and
FEA or determining loads for future analysis. That is, load updating
can extract the equivalent loads that have been applied to a model,
such that testing data can be compared with a structural model, and
the appropriate computer model loading that created the results is
obtained. This approach can be simpler and faster and has the added
advantage of not requiring the analytical model itself to be altered,
thereby avoiding the problem of tailoring a complex finite element
model to a set of circumstances or conditions. The load-updating
method is ideal for designs where the loads are fixed, but the struc-
ture is continuously modified.

Loads determined by load updating can be used with higher con-
fidence on similar models. For example, if the loads for a dynamic
event are determined, for example, for a vehicle test track for a
vehicle suspension, the determined load could be used for similar
vehicle suspension models with higher confidence than an assumed
approximation of thatloading.

System identificationis an importantstep in the derivationof load
updating, and an examination of the literature aids us in determin-
ing the most appropriate methodology for load updating. Johnson’
used system informatics to derive necessary and sufficient condi-
tions to ensure that the loads determined converge. In another pa-
per Johnson® noted the difficulties in identifying a system near the
applied boundary conditions and presented a method for inverse-
problemsolutions. In both of these papers, no examples were given.

Because difficulties in previous approaches might not be imme-
diately evident, we examine the works of others, especially those
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works in the time domain. Through the clarification of prior meth-
ods and each method’s practical use, a more appropriate and robust
methodology can be determined. On the basis that a system is a
superposition of signals, Johnson* developed a force and moment
identification method using basis functions chosen to represent de-
sired characteristicsof time variations of loadings. These functions
were then used in deconvolutionsto determine general continuous-
and discrete-time measurements.von Hoff, etal.’ introducedthe use
of the transpose of the estimating function for creating stability in
nonlinearalgorithmsas part of multichanneldeconvolution.Lee and
Nandi® further examined the use of blind-signal deconvolution to
extractmultiple signals. In a normal deconvolutionthe outputsignal
is known. For blind-signaldeconvolutionthe system and the system
input are not known, but the system input is desired. In our case
one signal (the model) is known, and another signal (the loading)
is unknown; however, depending on testing, an output signal might
not be fully known (i.e., we might not know the entire response of
a structure). Thus, there are possibilities of using this method for
load identification. Lopez and Gonzales’ presenta Levinson’s algo-
rithm for reducing the computational cost of a typical two-channel
deconvolutionby approximately 75%. However, Robel® argued that
such blind-signaldeconvolutionsare far more sensitiveto mismatch.
Robel arguedthat more than a rough approximationof signal density
is required for blind-signal deconvolution.

As inverse problems are ill-conditioned, Tenorio’ made use of the
idea of system regularization to converge to a likely system. In his
work an assumed system was used to help regularize a set of possi-
ble solutions such that a solution with a higher confidence level was
achieved.Thus, acomplex system of numerous solutionscan be nar-
rowed to solutions that are more physically meaningful. Instead of
regularization,Law and Fang'® used a dynamic programming tech-
nique dependent on recursion to place bounds on ill-conditioned
forces to increase accuracy of identified moving forces in the time
domain. Revisiting the concept of regularization, Kirkeby et al.!!
presented the case for frequency-dependert regularization to at-
tenuate peaks in frequency response of deconvolution problems.
Similarly, Neelamani et al.!* proposed a wavelet-based regularized
deconvolution for such problems.

For determination of parameters necessary in a time-dependent
system, Ackleh and Fitzpatrick!* developed a convergence theory
for determining time-dependent parameters in a parabolic system.
Ackleh and Fitzpatrick also presents a stability theory for approx-
imate methods for such systems as flexible structures. Ackleh and
Fitzpatrick made use of a cubic spline to approximate the solution
to the Euler—Bernoulli beam equation and examined the extraction
of parameters in a noisy system.

Demonstrating the uses of load identification, Eksteen and
Raath!* reconstructed the time history of an aeroelastic load for fa-
tigue testing by approximatingthe loads as quasi-staticloads to cre-
atea serviceload simulation for laboratorytestrigs. High-frequency
actuators were used to simulate other dynamic effects, and these two
types of loads were superposedto create a testing equivalentservice
load.

This paper presentsload identification for the static case by means
of the generally used least-squares basis. Rattray et al.!> made use
of the least-squares approach for deconvolution based on a least-
squaresdeterminedimpulseresponsefunction. Avitabile' also made
use of least squares. This classic approach to system identification
treated the problem as an unconstrainedoptimization technique that
necessarily made use of the sensitivities of desired parameters with
respect to changes in the system. Alternatively, Kapania and Park'®
employed the time finite element method, which discretizes time
into finite elements, each with a separate time history, to determine
quickly the sensitivities of these parameters. They used an iterative
method to identify parameters.

There have been recent advances in the use of optics for the mea-
surement of the displacement field of a structure during structural
testing. Fu and Moosa!” proposed in their paper to use charge-
coupled device (CCD) cameras with optical data processing to de-
termine the complete displacement field. They made use of sub-
pixel edge detection and have proposed using CCD measurement

systems for the use of health monitoring of structures. They found
in laboratory environment experiments with steel I-beams a good
correlation (within 5%) to measurements with dial calipers. Sim-
ilarly, Liu et al.!® have preliminary results on a proposal to use
optical measurement techniques in a wind tunnel to determine the
aerodynamic loads on a model. Previously using strain gauge bal-
ances, they replaced their measurements with those data-reduction
methods in their work. Using two CCD cameras, they found optical
measurements were less accurate than conventional strain gauge-
sting balance systems, although this is preliminarily thought to be
caused by the methods by which both the strain gauge balances
and the optical measurements obtain their uncertainty values. This
uncertainty increases with the distance between the test article and
the CCD cameras. Liu et al. also note that the strain gauge balance
candecoupleinteractionsamong measuringcomponents,something
which the CCDs cannotdo at this time, but they note that decreasing
the uncertainty measurements should be ongoing work to improve
the technique’s accuracy.

Here, we present a method in which traditional system identi-
fication and model updating are not performed. Instead the loads
on the finite element model that would create equivalent displace-
ments or stresses are identified by various means, thus saving a large
amountof computationaleffort. Using techniquesbased on classical
least-squares methods, we present the basis for finite element load
updating and its sample application through the use of computer
simulation.

This allows an easier analysis of structural models, such as a pro-
totype vehicle, by determining the loads that prototype is subjected
to in testing. These loads can then be used on similar models dur-
ing the design process to decrease the time spent in testing without
decreasing the design suitability.

Mathematical Formulation

Although the load on the structure is not fully known, we assume
that we are not working in an informational vacuum as far as the
load distribution is concerned. We use this knowledge as a basis
for creating an initial function that most likely describes the load.
This representative function can be expressed as a function of the
spatial position on the structure. For a beam this means the load
is a function of the location on the beam. Thus, this enables us to
assumeafunctionofthe positionon the object (in thiscase abeam)to
approximate the mean load distribution. As this is an approximation
based on assumptions about the load, it is inappropriate to assume
this load is an exact fit, and we allow for fluctuations about this
mean function so as to allow it to model the loading conditions
accurately. When we change the mathematical model into a set of
finite elements, we would ideally assume thateach of the fluctuations
has a mean value of zero. This enables us to model accurately the
load acting over an element in the finite element model by using a
simple superposition of the assumed average load and polynomials
representing the fluctuations. This is seen in example with a beam
in Fig. 1.

We begin with the assumption of an average function value of
fo(x) over the simply supported beam. This value is an approxi-
mation of the beam loading in magnitude and form. There are also

Fig. 1 Example simply supported T-stiffener beam subjected to an
unknown load, approximated as f; (x).
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slight fluctuations about this mean just shown. These fluctuations
are what allow an accurate modeling of the load for creating an ac-
curate finite elementmodel. Thus, we end up with aloading function
over an element of

F@) = fo0)+ Y e Pi(x) (1)

i=1

where the ¢; are unknown weighting coefficients and P; are known
functions with zero mean. The assumed average function fy(x) can
be written as a superposition of the polynomials that covers linear
fluctuations across an element. In this way the fy(x) term can be
explicitly eliminated, as it is implicit in the polynomials, and so
Eq. (1) becomes

n

@) =D P @)

i=1

where c¢; are the coefficients that now compensate for the lack of
an average load function f(x). This assumption is predicated on
the selection of a set of functions that include a linear approxima-
tion. Without functions that include this approximation, the form
in Eq. (1) should be used. This is because linear or discontinuous
loads will not be able to be approximated correctly as a result of
Gibbs phenomenon. The number n of functions over an element
will allow a more accurate superposition prediction of the element
loading, that is, the larger the number of functions used, the finer
the resolution of the load. This has its limits as a result of the ac-
curacy of the element used; thus, the inclusion of large numbers
of zero-mean polynomials for fluctuations has a diminishing return
that is inversely proportional to the order of the element. In a prac-
tical application it was found that the practical limit on the number
of polynomialsused over an element was reached much earlier than
expected.

In general, for our finite element modeling, we begin with the
following relation of the stiffness K and displacement vector u to
the force vectorf:

Ku=f
or we can explicitly solve for the displacement components u; as
-1
Mj = KU ﬁ

To simplify the computations, we will use only the degrees of
freedom for which u ; is known. Additionally, we propose the force
vector can be expressed as a matrix F multiplied with a vector of
coefficients. The force coefficient matrix F is such that

{f} = [Fl{c} 3)
u=[K]""[Fle:N x M

where N is the number of coefficients and M is the number of
degrees of freedom.

We use least-squares approximations to minimize the error be-
tween the measured values of the displacements obtained in an ex-
periment and those found by finite element analysis. This is done
by changing the values of ¢;, which would minimize these errors.
For the displacements we minimize the square of the difference be-
tween the exact displacementvector U (given or from data) and the
displacement vector V calculated by the FEA:

min [|(U = V)13

To minimize this, we will need the gradient of the function, which
is
VW =WIB] =2U; = Vi) - @, V)"
The gradient is derived at an elemental level, but is assembled
to representa global gradient. This gradient is related to the sensi-
tivities of the displacements (or strains) with respect to each of the

coefficients ¢;. This allows the optimal coefficients to be determined
iteratively by changing the value of each of the coefficientsin a step-
wise manner that will reduce the difference. The gradientis used to
ensure that the steps taken are in a direction which minimizes the
differencesbetween the measured and calculated values. As the co-
efficients are changed, the differencesbetween the calculatedresults
and experimental results are changed as well until these differences
are at a local minimum point. This is determined by the magnitude
of the vector of those differences. Thus the gradient can be used in
the steepestdescentmethod, or similar methods, to continue altering
the coefficients.

Taking the load distributionover a given element, say the eth, the
elemental load p¢(x) is represented as

i=m

PE =Y P @)

i=1

where P; are the basis functions, taken to be the integrated Legendre
polynomials;m is the number of basis functionsconsidered for each
element, taken to be 4 in this derivation; x is the local coordinate
system for a given beam element; and ¢ are the m unknown coeffi-
cients for each element. Thus, the total number of unknowns in the
system that has not been reduced for known boundary conditions
will then be m x N,, where N, is the number of elements.
The consistent load vector for the eth element g° is given as

g =Fc 5)

Here the matrix F* is defined by

le
Ff_j.:/ N;(x)P;(x)dx, i=1,4, j=1,m (6)
0
where [, is the length of the eth element and N, (X) is the ith shape
function for the beam element.

The global load vector f is obtained by assembling the load vec-
tor for individual elements and was shown in Eq. (3). For the un-
restrained system F is a matrix of 4N, rows and m N, columns for
a beam element, where m N, is the same as the number of total
unknowns in the vector of unknown coefficients ¢. The number of
rows in matrix F' will reduce by the number of restrainingboundary
conditions. The F, for three elements of four coefficients per ele-
ment, is obtained from the individual element matrices F¢ as seen
in Eq. (7):

F=

(F, FL FL F, 0 0 0 0 0 0 0 0]
FyL FL FL F, 0 0 0 0 0 0 0 0

F311 F312 F313 F314 F121 F122 F123 F124 0 0 0 0

F411 F412 F413 F414 F221 F222 F223 F224 0 0 0 0

@)

0 0 0 0 F321 F322 F323 F324 F131 F132 F133 F134

0 0 0 0 F Fh Fy Fy F\ F, Fy F,

0 0 0 0 0 0 0 0 FyFyF} F,
(000 0 0 0 0 0 0 F, FyF}F,

The vector of unknown coefficients ¢ will be obtained using the
method of least squares. We will minimize the square of the error
between the measured response and the response calculated using
the finite element method.

Let u,, represent the measured response and u represent the cal-
culated response. The square of the error E is given as

E = %“u —Up “2 = %eTe (8)

Here the vectore is definedase=u —u,,
Assume that the finite element model for the system is given as

Ku=f=Fc ©)]
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Here K is the global stiffness matrix, u is the vector of finite ele-
ment degrees of freedom, f is the load vector, F is the force matrix
just derived from the polynomials, and ¢ is the vector of unknown
weighting coefficients. Because the response can be measured only
at a limited number of points, the order of vectors u# and u,, will
be different. If we consider u,, to be fully populated, then u con-
tains more information than can be used and must be reduced to the
same dimension. Thus, the two vectors are related to each other by
amatrix T as

u, =Tu

=TK 'Fe¢
S—

G

= Gc (10)

The partial derivative of the error vector e with respect to ¢;, the
ith element of unknown coefficient vector ¢, can be written as

0 0
— == =g (11)
aC[ a()[

Here G; is the ith column of the matrix G.

The magnitude of the error e can be minimized either using any
of the standard minimizing schemes such as the method of steepest
descentor the conjugate gradient method. Alternatively, the error E
can be minimized using the condition

oE
— =0 (12)
ac;

The precedingequationis asetof m N, equations. The partial deriva-
tive of the error with respectto ¢; can be written as

9E 1| ,0e [de)
— ==le—+|— ] e
aC[ 2 aC[ a()[

G'e (13)

i

Substituting this relation in the minimization condition leads to a
set of mN, equations, given as

G'Gc =G"u, (14)

This creates a symmetric square matrix system that is solvable
through an iterative method such as the conjugate gradient method,
as well as lending itself to possible “direct solution” of the system
through any matrix solver routine.

An analysis to obtain the condition number of the matrix G' G in
Eq. (14) was performed. This number is the equivalentto the square
of the conditioning number of G. This analysis was conducted for
G G of the one-, three-, and eight-element cases. The progression
of the condition number is shown in Table 1.

The conditioning number of the system, shown in Eq. (14), is
such that it is better to solve Eq. (14) using a biconjugate gradi-
ent system or by using the so-called singular value decomposition
(SVD) approach.

Table1l Comparison of condition number vs number
of elements where ‘high order” or “low order” denotes
four or two polynomials per element, respectively

Number of elements Condition number

1 (low order) 1.67e4
3 (low order) 1.24e7
3 (high order) 6.49¢19
8 (low order) 1.76¢e18

Examples

In these examples the beam used was a T-section, the generic
representativedimensionsdetermined from examinationof a sample
vehiclestructure. The beam was given specific boundaryconditions;
in the initial case it was simply supported with a varying, distributed
load.

The set of integrated Legendre polynomials was selected for the
perturbation equations as they form a complete set of mutually or-
thogonal functions, although they are not, as ideally, of zero mean.
As just mentioned, the first two integrated Legendre polynomials
allow us to eliminate the average function in the assumption of the
load as those polynomialsare linear and thus will compensatefor the
average function. Initially, each element had four weighting coef-
ficients for four integrated Legendre polynomials per element. The
first several of these polynomials are shown in Fig. 2.

For our proof of method, we required an input of a known load.
These were created for our load updating examples from a given
FEA case, where in practice these would instead come from testing
data for the given FEA model.

To perform a comparison between the given and extracted load
case, the given displacement (i.e., the measured values from our
known hypothetical experiment) can be input into a simple FEA
code. In this way the hypothetical structure’s stiffness matrix and
consistentload vector are input for eventual comparison. This built-
in example simulates an ideal experimental system that we wish to
determine the loading on. This input of the known loads is only for
comparison purposes and is not used in the load extractionroutines
as these routines are used to determine the applied load. As we are
using a given FEA example with a simple built-in FEA code, we
made use of a given sample loading (e.g., a uniform load, sine load,
etc.) to create the input of the consistentload vector and thus create
displacements. These FEA-determined displacements are used in
the load extraction of this load updating example. Initial examples
used unit elemental lengths, with nondimensional unit-distributed
loads. This FEA example is only for simulation of an ideal experi-
mental set and not used by the load updating routines, only selected
analytical displacements are used to emulate a set of testing data.

The beam was then converted to nonunit element lengths, with
a T-stiffener cross section, and both uniform and sine wave load-
ings were applied. The final beam length in all examples was 1 m.
The cross section had a moment of inertia .. of 2.902e-7 m*. The
Young’s modulus E for the material of the beam was for aluminum
7.102¢7 MPa.

Initially, it was found that with four polynomials per element,
although an exact solution could be found to represent the force
by coefficients, the steepest descent did not converge to that solu-
tion. Thus, there was with an ill-conditioned problem caused by
the increase in polynomials; the method was giving spuriousresults
because of increased numbers of local minima to which the least-
squares routine could converge that would satisfy the convergence
criteria. This was found in both the one- and three-element cases
and can be seen in Fig. 3, where the representative determined load
is far from what was applied. The deflection curve for the actual
applied load and the incorrect determined load are nearly identi-
cal because of minimization with respect to differences between

4
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Fig. 2 First several integrated Legendre polynomials.
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Fig. 3 Applied and extracted loads case for the higher-order three-
element case of a T cross-section cantilever beam subjected to an ap-
plied sine load: - - - -, applied force; , extracted; and - - - -, element
average.

“experimental” and “analytical” deflections. However, although the
deflection curves are similar, the load vectors are not. In this exam-
ple the known load vector can be compared to the equivalent load
vector. However this is not possible from a practical standpoint as
the applied load vector is unknown.

It was hypothesizedthat the higherorder of the increased number
of polynomials representing the load can represent mode shapes to
which the element cannot respond. That is, the beam element used
could not respond properly to the additional modes provided by the
higher-order polynomials; thus, the order of polynomials was de-
creased. This gave only a linearly varying load approximationover
an element, yet the accuracy of the approximationof the determined
loads increased.

Damped least-squares regularization was applied to the system
in Eq. (14), but it was found that slight changes in the regularization
parameter were found to result in widely varying extracted loads,
none of which were correct. Using the pesudoinversefrom SVD has
temporarily mitigated the immediate need for regularization, and it
was no longer implemented in the current program revision.

Also affecting the load extraction is the simulation of noise in
the system. Noise was added to the system response through the
use of a Gaussian deviant system with a mean of approximately
zero and a standard deviation of approximately one. This was then
scaled to the order of magnitude of the measurements and applied
as a percentage of this magnitude to the given measurements. Thus,
10% noise would be a random number times 10% times the average
magnitude of the vector, added to the original element number.

Given this introduction of noise, the lack of regularization, and
the conditioning number of the base system that renders methods
such as conjugate gradient ineffective, we instead introduced an-
other method for solution, in this case that of SVD. This allowed a
method of determining the spectral values of the system, a method
for determining the conditioning number of the system examined,
and a method for a pseudoinverse.

In using SVD to solve the initial problem via pseudoinverse, it
is known that if one alters the eigenvalues given by singular value
decomposition it can have the effect of rendering SVD into a least
squares solving routine.!® Thus, if those altered eigenvalues are set
to zero this effectively damps high frequencies, operationally atten-
uating the system’s response to those values. The error between the
determinedforce vectorand the applied force vectorcan be found by

“Fapplied - F(C)calculaled “2

“ Fapplied “ 2

%Error = x 100% (15)

if one knows the applied load to the system (Fjpiica). If One solves
the system with no noise applied to the input system response and
without reducing any eigenvalues, the error is quite low at 0.01%.
Using the same system, if one reduces determined eigenvalues be-
low 1E-10to zerothe error goes to 0.8 %. The error similarly changes
such that more noise in the applied load requires more attenuation
of rapid spacial variations in the load. These variations represent
the rapid shifting of the applied load caused by the superposition

of randomness to the overall load vector. This attenuation is done
by zeroing more eigenvalues determined in the SVD of the system.
There is a diminishing return though. If one zeros all but one of the
eigenvalues, the full shape of the applied load cannotbe captured.In
this case, with a simple sine-wave shape, the load profile is captured
by zeroing all but two of the lowest value eigenvalues for all levels
of noise. At low levels of noise (noise was 0-20% of the magnitude
of the load vector), this results in about 20% error levels (depending
on the seed value of the random noise generator). However, if the
noise is increased to as much as 90% of the average magnitude of
the load vector the error is only 30-33% (again depending on the
seed). If one does not attenuate the higher frequencies, the effect
on the solution found by SVD-determined pseudoinverseresults in
very high error (3300% or more). Thus, SVD cannot be the primary
method of solution.

In general, the uniform or discontinuous load distribution is not
easy to be identified as such distributions need a large number of
superpositioned polynomials to simulate the load, a phenomenon
known as the Gibbs phenomenon. Because of the selection of the
integrated Legendre polynomialsin this case, a uniform load could
be accuratly simulated by a superposition of polynomials.

Figures 3 and 4 show the difference in the extracted loads using
lower-order polynomialsand the reduced higher-orderpolynomials,
respectively. Thus, an eight-element beam system was created so
that the linear approximation would be more accurate, much in the
way the accuracy increasesin an h-version finite element approach.
The extracted load and the applied sine load are shown in Fig. 5
for this eight-element beam with a lower number (lower-order) of
polynomials per element. Showing excellent results, a similar trend
was exhibited in the solution for a uniform load. The deflection
curvesfor the calculatedand actual applied loads are shown in Fig. 6.

The difficulty in many of these convergence studies is that the
loadson the elements which are on the boundary seem to convergeat

0 N T T T T
-200 1™
-400 -
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Load (N/m)

-800 -

-1000 -

-1200

X/L

Fig. 4 Applied and extracted loads for the lower-order three-element
case of a T cross-section cantilever beam subject to an applied sine
load over the nondimensionalized length. The average load across the
element of the extracted load is given for illustrative purposes: - ---,
applied force; ——, extracted; and - - - -, element average.
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Fig. 5 Applied and extracted loads for the lower-order eight-element
case of a T cross-section cantilever beam subjected to an applied sine
load. The element average is a piecewise representation of the average
extracted load of each element: ..., applied force; , extracted; and
- - -, element average.
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Fig. 6 Deflection curve of the cantilever beam for one- and eight-
element load cases subject to a sine load for the given and extracted loads
from a uniform load applied to the cantilevered inverse T-stiffener beam.
The eight-element Hermite displacement and calculated curves overlap
as does the single-element Hermite displacement and calculated curves:
—, eight-element FEA displacement; ——, eight-element calculation;
——, one-element FEA; ..., one-element low order.
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Fig. 7 Examplefrom the eight-element uniform load example showing
the difference in convergence between the elements close to the applied
boundary condition (x/L=0) and the remaining elements after 3000
iterations.

amuch slowerrate than the rest of the structure. Possible solutionsto
avoid this include making smaller elements near the boundaries and
increasing the number of elements so that this effect is reduced, as
mentionedin the h-versionoption forincreasingaccuracy.Changing
the model such that there are smaller elements at the boundaries is
not unlike model updating in that the computer model is now being
adjustedfor the correctsimulationof the actual boundary conditions.
This effect is also noted in some of the literature? It can be seen in
Fig. 7 where a uniform load has been applied to the cantileverbeam.
In this instance, although a couple of thousands of iterations have
been completed and though many of the coefficients are near their
final values, the values in the two elements nearest to the boundary
condition (the left two elements in Fig. 7) are still relatively far
from convergence. Given the rate of convergence in this model,
several thousand more iterations would most likely be needed for
convergenceto the applied load.

Use of singular value decomposition as a means to obtain an
initial guess to the load appears to be more useful. Once a solutionis
foundusing the pseudoinverse,even with noise, but with appropriate
damping used, the steepestdescentsolverroutines seem to converge
to an answer that has a percent error on a similar order to the noise
level, as seen in Table 2.

The core of the needed numerical routines were taken from the
LAPACK library and used in the matrix manipulations needed in
solving the inverse problem. The option of solving the inverse prob-
lem by conjugate gradient method was initially included, thus mak-
ing the number of solution methods to three; however, after the

Table2 Comparison of noise level vs error
after use of SVD with steepest descent

Noise level, % Initial error results, %

5 6
10 14
15 23

conditioning analysis conjugate gradient routines were replaced
with routines for SVD. The present approach can be extended to
solve problemsin two dimensions,and eventually problemsin which
the load is a function of time also.

Conclusions

A method for reducing the differences between a finite element
model and experimental testing has been presented that shows that
extensive computationto reduce theses differences by adjusting the
system or the original finite element model might not be necessary.
The determinationofloads,and then adjustmentof those determined
loads, might instead reduce those differences without the altering
of the original finite element model. This prevents the need to de-
termine numerous coefficients while leaving a given FEA system
undisturbed.The introductionof SVD for the computationof a pseu-
doinverse and the conditioning number of the system were found
to be a useful in the computation of an initial guess for use in the
steepest descent method. The method’s capabilities in the presence
of noise applied to the given system displacement measurements
was also examined and quantified with respect to changes in the
eigenvaluesfoundby SVD and used in the pseudoinverse.Although
results found that reducing the class of polynomial used in simulat-
ing the load over an element increased linear accuracy, it remains
to be seen if regularization would instead allow a higher order of
polynomial to be used, negating the use of increased numbers of
elements each using with a lower order of polynomials to represent
the load. Comparison of determined loads with known values was
found to be favorable in examined problems.
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